COEFFICIENT EXTREMAL PROBLEMS
FOR SCHLICHT FUNCTIONS

BY
J. T. POOLE(})

I. Introduction. This pap r deals with extremal problems for the coefficients
in the power series expansions of regular and schlicht functions, starlike functions,

and the powers of these functions.
DeriNiTION 1.1. Let S denote the class of functions

f(@)=z+az2+azz3+ -

which are regular and schlicht in the unit circle U = {z: | z| <1}
Let X denote the class of functions

g G,
f(z)—z+a0+z+zz+

which are regular and schlicht in the exterior of the unit circle V= {z: I z| > 1}

except for the simple pole at infinity.
Let S* denote the subclass of S of functions which are also starlike in U,

i.e., a function fe S is in $* if and only if
zf'(2) }
Re{ ——— } >0
{ f(@)
for all zeU.
Likewise, let X* denote the subclass of T of functions which are also starlike
in V, i.., a function fe X is in Z* if and only if
Re { —Zf () } >0
(2

for all zeV.
S~ 1 will be the class of functions

(W) =w + bw? + baw? + -
which are inverse to functions in S.
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™! will be the class of functions

5(w)=w+50+%+%+

which are inverse to functions in X.
Likewise, S* ! and Z* ™! will denote the inverse classes of $* and Z* respectively.
For the positive integer p let

£ ]

Sp = {fPGS:fp(Z) = 2 av‘,.HZVrH}

=0
and let

o]
I, = {fpeZ:fp(z)= X G4,z TP } .
v=0

Finally, let S¥ =3, S, %, =%, S¥"* and £*™* have the obvious meanings.

It was conjectured in 1916 by L. Bieberbach [1] that if f€ S then |a,,| <n,
n=2,3,---, with equality only for f(z) =z/(1 — Az), |A| =1; he was able to
prove this for n = 2. In 1923, Karl Lowner [2] proved that |a;| < 3 and recently
[2], [3], [6] proofs have been given for n =4, but the conjecture remains un-
verified in general. On the other hand, R. Nevanlinna [13] proved in 1921 that if
feS*then |a,|Sn,n=2,3,-.

Lowner also proved, in his 1923 paper mentioned above, that if ¢ €S- then

1/ 2n
lb"lé_ﬁ(n—l)’

Since the extremal function is the inverse of f(z) =z/(1 — 4z), |A| =1, and
this is a starlike function, it follows that this is also a sharp inequality for the
coefficients of the power series expansion of ¢ S*™!.

Until recently there were no general results for the coefficient extremal problems
for functions feX* and ¢eX* !, Then in 1958 J. Clunie [4] proved that if
feZ* then |4,| £2/(n+1), n=1,2,-, with equality only if

F2)=z(1 + Az=C+D)HeFD gl =1,
In 1963 W. C. Royster [15] conjectured that if ¢ eX*~* then

1/ 2n
|5"|§71—(n+1)’ n=1’23""

with equality only for the inverse of /(z) = z(1 + Az~*)?,| 1| = 1, and E. Netanyahu
[12] has recently presented a proof of this for X" and thus for peZ* '

By using very simple methods we are able to prove in this paper that if ¢ e =*~*
then

~ 1/ 2n
AR

while at the same time proving that if ¢ € S*-* then -
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1/2n
o = (7 ):

Furthermore, by applying the variational techniques of Schiffer [24] and
Schaeffer and Spencer [19], we will simultaneously prove these same inequalities
for 2™'and S7'.

In §II the basic method used in this paper for obtaining coefficient bounds will
be presented. §III will be devoted to applying the results of §II to the classes
S*~!and 2*~!; §IV will be devoted to the classes S "*and 1.

It is hoped that this paper will help to unify and generalize the coefficient
extremal problems for functions in the classes .S and Z.

II. A coefficient matrix. In the introduction this paper was described as dealing
with certain coefficient extremal problems. Specifically, we wish to consider infinite
coefficient matrices the rows of which are the coefficients of the integral powers
of functions in S or S*. As far as possible we will find sharp bounds for the
coefficients in these matrices and use these results to find the extremal coefficients
of functions in the classes S=!(S*-1) and £-!(Z*-'). In this section we will
indicate the method by which this is to be accomplished.

DErFINITION 2.1. Let Q be the class of functions f for which there is a p>0
such that for |z| <p

o0
f2)= X a,2", a;#0.
v=1
DEFINITION 2.2. For feQ we define the coefficients a(”, — 0 <t, v < 0,
t and v integral, to be those such that for |z| <p,p >0,

@
¢)) f@= X aPz.
v=-—00
Thus f defines an infinite matrix F = [a®]and F represents the function f.
Note that =0 for v < ¢.
The following general results are due to Eri Jabotinsky [9].

THEOREM 2.1 (JABOTINSKY). Let f, g€ Q and consider k(z) =f(g(z)) which is
also in Q. Let F = [a®], G =[b], and K = [c{’] be the matrices representing
f, g, and k respectively. Then K =F X G, i.e.,

o0
=X aPbP.
p=—®
THEOREM 2.2 (JABOTINSKY). If fe Q and ¢ is the inverse function of f, then
¢ €Q,and if

Y

¢y = X bW,

v=-—00

then
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@ b = —:-a(_',”), y#£0.
Forv=0, b is defined by

(1, -t-1 f (2)
® t—z—oo bo f (z)

Consider any function fe S(S*): this function defines a coefficient matrix
[a®], — o <t, v < o0, and by Theorem 2.2 if ¢ is the inverse of f, then

Bw) = Z La®w = 2 byt
=1

=1t

and, in fact, we see that

@) max  |b, |— — max
¢ eSIS* Y N ress"

).

Since it is known that

1/ 2n
max |b,|=—
b €S-1(S*-1) n n—l
we immediately have that
- 2
max |a'3”|= ( " )
feSES* n—1)J.

However, we do not wish to use (4) in this direction, but rather in the opposite
direction: if ¢(w) = w + b,w* + - € STI(S* 1), then by (4) we have

1 _
[b,,I_S_—— ( max a(.l"))
R\ rese®

and we could thus obtain sharp bounds for |b,,| by finding

max a(_'l")l .
feS(s*)

This approach may be extended.
THEOREM 2.3.

-Dj =
max a max
® feSEY | FexX(z¥

a,|.

Proof. First we note that the nth coefficient of the expansion of f(z) ! about
zero is the same as the nth coefficient of the expansion of f(1/z)™! about infinity.
For every function f(z) e X there is a function f(z) e S such that

a2 = (),
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max |a{""|2 max
fesS(Es* J e Z(z®

and for every f(z)eS, f(1/z)"!e X, so that

a,|,

max |a{"P| < max |4,]|.
f eSS Fexz(z%

The theorem is thus proved for the schlicht case.
That starlikeness is preserved follows from

2@ _ =[1fU[2]) _ (/2)f' (A]2)
f@ ~ 1A OO

This theorem is a simple and obvious consequence of the fact that there is a
natural one-to-one mapping of S(S*) onto X(X¥) given by  :f(z) » f(1/2)~* = f(2).
Quite naturally the one-to-one correspondence between S(S*) and X(Z*) implies
a one-to-one correspondence between S”1(S*~ 1) and Z™}(Z* 7).

THEOREM 2.4. Let ¢ be the inverse function of f. Then ¢(1/w)™* = $(w) is the
inverse function of f(1/2)™* = f(2).

Proof. ¢ maps f(U)=D onto U and so ¢ maps D= {w:1/weD} onto V.
f(2)=f(1/2)"" maps V onto D and $(f(2)) = [¢(1/f(z)] "' = [¢(f(1/2))]*

=(1/2)"'=2z,ie., ¢ is indeed the inverse of f.

COROLLARY 2.1.
max Ibf,'l)| = max |l~1,,| .
¢Es—l(st—l) 662-1(:*-1)

Proof. By Theorem 2.4, for every ¢(w) there is ¢(w) such that ¢(1/w)~! = @(w)
and since the coefficients in the power series expansions of ¢(w)~*and¢p(1/w)-1
are the same, we have

max |b{"V| 2 max |5,|.
$eS-1(s*-1) #le z-1(z0-1)
Also, for g(w)e S™*, ¢(1/w) ' e ™! sothat
max |b{V|< max | 5,].
¢ES“(S“1) 652-1(2‘-1)

If peS*™!, then ¢(1/w) " *eZ*™!, and if $e=*"?, then the ¢ for which
d(w)=p(1/w) tisin S*7 1.

THEOREM 2.5.
Bl =L M =12
somax |8l =5 max a7, =125
6 )
max |bo| = max |b§V)|.

fez-1(z*-) $eS-Is)
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Proof. This follows directly from Corollary 2.1 in view of Theorem 2.2.

III. Coefficient problems for S* and S,*. Let us agree henceforth that if
feS(S*) then f(2)'= X,al”z"and if we write a” then this is the nth coefficient
of the tth power of some function fe S(S*). Likewise if ¢p€S ~!(S*™'), then

©
$(z)'= T bz’
v=t

and if we write b,‘,'), then this is the nth coefficient of the tth power of some func-
tion ¢ € S™1(S*™1). Further we should agree that if we write d, or b, then these
are the coefficients of the series development of feZ(Z*) or deZ™(Z*™Y).

The first part of this section (i.e., III.A.) is devoted to the problem of bounding
|a’|, —0 <t, n< 0, when f is in S*; we call the matrix of sharp bounds the
maximum coefficient matrix for S*. InII1.B the generalizations (for S,) of the
theorems stated and used in III.A are proved.

III.A. A partial maximum coefficient matrix for S*. Theorems 3.1 and 3.2
are special cases (for p = 1) of Theorems 3.7 and 3.8 of I11.B.

THEOREM 3.1. Let fe S*. For t >0

% |ath| < |(‘n2‘)|, n=1,2,,

and this inequality is sharp.

If t = 1, then (7) becomes

sl 5 (7)) = (2D <,

a well-known inequality.

THEOREM 3.2. Let fe S*. For t >0
a(—_t:-)nl = (27:)’ n=12--1+1,

and this inequality is sharp.

In §1I we thoroughly discussed the correspondence between the coefficients of
the power series developments of e S~ (S*™) and $eZ (Z*"") and the
coefficients of the series representations of the powers of the functions fe S(S*).
The usefulness of this is now evident.

THEOREM 3.3. If ¢ € S*™ 2, then we have the sharp estimate

© I 52 (,):

n—1
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Proof. By equation (4) and Theorem 3.2

1 — 1/ 2n
|M§7?§““”‘7QA)

Since (,’7,) is a sharp bound for [a"”|, (9) is sharp.

THEOREM3.4. If § € * ™1, then we have the sharp estimate

2 1/2n
(10) B 7(n+1)’ =t

| 80| = 2.
Proof. By equation (6) and Theorem 3.2

- 1 —n 1(2n
185 grmax o] =12 )

IIA

To see that IEO:I =< 2 we consider equation (3):

E bg)z—:—l — lzf'(z)

2. 20
= L&)
1 <
= —Z— (1 +v=zl (4 ),

where |¢,| < 2. Hence |b§™™| < 2 for n > 0. In particular, by equation (6),

| 80| = max |b§ V| <2.
PeS*-1
Since (7,)is a sharp bound for |a{™™| and 2 is a sharp bound for |b§ "]
the inequalities (10) are sharp.

ReMARK 3.1. It should be noted here that we have proved more — that
|b§™™| < 2, n>0,— while proving the last theorem.

We see in II1.B that Theorem 3.2 is proved by a generalization of a method
due to Clunie [4].

In the next section we prove Theorem 3.2 for the class S and hence will have
Theorems 3.3 and 3.4 for S~ and £ ™! but in order to accomplish this we will
have to use variational methods. Here, though, we have been able to obtain
these theorems for S* by using relatively simple techniques. Theorem 3.3 has
also been proved by variational methods [18] as well as by Lowner [10] and
another proof of Theorem 3.4 exists (Netanyahu [12]), but here we have, very
likely, the simplest proofs of these theorems.

For the sake of completeness we include Clunie’s result concerning T* [4].
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THEOREM 3.5 (J. CLUNIE). If f€ X*, then

__2—’ h= 0’1’ 23"'9
n+1

with equality for f(z) = z(1 4 Z"T D)2+ D |

(1) |a| =

Figure 1 summarizes Theorems 3.1, 3.2, and 3.5. If n > ¢t then we can write (7) as

|a®| < | (‘2‘) F
<|(2

so in Figure 1 we assume n > tand use this form of (7).

-t -1 0 1 t

o
f—
[\S]

S

» 2. 26\ [2t\ [ 2t
. 1 t—1 t)\t+1

FIGURE 1 -
Maximum Coefficient Matrix for S*

We now move on to investigate the region t < —1, n>1, of the maximum

coefficient matrix for S*. In order to do this we will use Prawitz’s [14] generaliza-
tion of the Area Theorem.

THEOREM 3.6 (PRAWITZ). If f€ S(S*) andt > 0, then
(o]
(12) Y v|alP e+ - [a52, ] + - +]aSP)
v=1

Inview of Theorem 3.2 we have the following corollaries to Theorem 3.6.
COROLLARY 3.1. If fe S* and t > 0, then

©

- t [2t\2
=1v|a$ ‘)Izéi(t) '

v
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Proof. The right-hand side of (12) is

t+(t—-1)la_,+1|2+ +|a t)|2

<t+(t—1)( )+ +(2t1)
_t(2t\?
_4(t )
COROLLARY 3.2. If fe S* and t > 0, then
t
(13) % v]al)2 s (2‘)
v=1 t

and this inequality is sharp as (z[(1 + 2)*)™" shows. If equality holds, then
al™=0 for n>t.

Proof. The inequality follows immediately from Corollary 3.1. For the function
(z/(1 + 2)*)~" the sum

! ‘ 2t t [2t\?
-2 _ !
v§1| | (""V) 4(’)’

showing that (13) is sharp. Now it obviously follows from Corollary 3.1 that
if equality holds then al~

9 must be zero if n > t.
1LB. S?.

THEOREM 3.7. If fe S*, then for integral p >0, f(z*)'/? e S*, and for t>0
we have the sharp inequality

<72

f(zp)t/p_ Z a(t/p) t+vp af'/”)=l

, n=12,...
where

’

Proof, For fe S*
LI@Y) _ @@
f(zo)ile f(zP)1/v

£
== e

and therefore, for ze U,

e () -eforiD] o

f(z")
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Hence f(z%)!/7e S*.
Now we have

1 LUEY"Y 1)
* faryw f(z?)

where|c,,| £2,v=1,2,---, and since

0
=g(z?)=1+ X ¢,z
v=1

[
S = T ol aie =1,

v=0

we obtain
=0

- o] [+o]
E (t+vp)aliPa'*"r = t(vz aﬁ‘{’v"),z‘*"’) (1 + X c,,z"’) .

Comparing coefficients:

(”P + t) al(l"!g')t = t[a:(rtp!g)t + Cp agnlf)l)p-l-t + et cnp]

or
npa.‘.',f’i"—t[c ag./fl)pﬂ'*' <t Cpl-
Forn=1,
—2t/p
g | = e 'sp (1)1
Assume
—2t
Ia?‘{'-,l-)t = I ( v/p) I’ v=12,.,n—-1.
Then
@/p) 2t 1w
lanp+t S — [Ia(n—l)p+t| + 4 1]
np
=

ez,
i)

Thus, by induction we get the desired result.
This inequality is sharp:

(@) = #(+5(%"))

ReMARK 3.2. For every integral p > 0 the function

[
fp(Z) = zo Qyp+ lsz+l € S:
v=

may be expressed as
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fo@) =1(z")""

for some f(z) X3-,a,z" € S* and for every fe S*, f(zP)!/?e Sy. Thus when we
consider the extremal coefficient problem for functions f,,(z)e , we may deal
instead with functions f(z?)'/? for fe S*.

COROLLARY 3.3. If f,€ Sy and t >0, then we have the sharp estimate

-2t
|l | (757)

Proof. This is just a restatement of Theorem 3.7 in view of Remark 3.2.

THEOREM 3.8. If fe S*, then for t >0, p>0,
- 2t
|tz (47)

forall n such that p(n — 1) — t <0, (c¢f. Theorem3.2), and for t < p

, n=12,.,

_,‘1‘;“5 - n=12,--

(cf. Theorem3.5), where f(z/) ™" = T2 qa 5Pz 74P g (TP,

Proof. For fe S*

1 2[f(®)~"PY = 2 f (Zp) g(z?).
t f(zp)-ue f(zP)
We define
gzf) -1 _ &
W) = e E1 §
Thus

2[f(@) 7] + 1tf@) T Y v
z2[f(zp)~"7) — tf(z2)~"e Enw ‘

and since f(z?) """ = T2 0a Y0 27V, g = 1| we have

(-]
E vpa_,ﬁf':},z"""= (—2tz" + El(—2t+vp)a(_','i"v’pz"+"’) (Elwv,,z"’) .
v= v=

Thus
n—1 n—-1
(—th" + v2=:1(—2t + vp)a(.',i("’,}, ’”'"’) (VE co,,,z"’)

=1

(14)

n ©
-t -t -
=X vpaGiR =Py T ezt
v=1 v=n+l
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Now multiplying each side by its conjugate, integrating around |z|=r<1
(noting that |w(z?)| < 1), letting r—1, and then discarding X}_,.,|c, |?,
we obtain

s) £ opr a4+ T (-2 P | dSIP
from which

n—1
(p)* [0S [P < 4% + T @7 - drvp)|aSYG [
(16)
= 4t [t+ Z(t wp)|a52) ]

If ¢t < p, this gives

(np)*|aSHD, " =41,

2t
|aCi2, én_p’ n=12,--
For t > p we have
ey s 2

p’

and assuming
Ia t/p)ls (Ztv/p)’ V=1,"‘,n—l,

—t+vp

where p(n — 1) — t £ 0, we have

(np)?|a R §4t[t+:§ e—n)(*1) | = @n (*17).

Thus
2t
|aG4R| < ( ,’,”) p(n—1)—1<0.

These inequalities are sharp as is shown by z7(1 + z?)*/Pand z*(1 + Z"?)*/"?,

Corollary 3.4. If f,€ Sy and t >0 then we have the sharp estimate

an |a52.,| = (2t/p)

for all n such that p(n—1)—t <0, and for t< p
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(18) (—-t'-l)-npl S n=12,-..

Proof. This is just a restatement of Theorem 3.8 in view of Remark 3.2.
Figure 2 summarizes the results for Sj.

O M . h
. .

, el

2

-1 1 0-0 = 0.0 2
. np
—k 1 00 2k o0 2k
p np
—-p 1 00 2 0---0 %-

FIGURE 2
Maximum Coefficient Matrix for S;,

THEOREM 3.8. If ¢, €Sy ™%, ¢,(w) = Z7ob,, W'Y, then

1 (2(np + 1)/p),

|bnp+1|§np+l n =1,2,...,

and the inequality is sharp.
Proof. By (4) and (17)

|bnp+1|§npl+ la( (np+1))

1 fe ~(np+1)+np

(2(np +1) p)

<
"np+1

The estimate is sharp since (17) is sharp.
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REMARK 3.3. If f,eZ), then there is f,eSy such that f,(z) =f,(1/2)"!
and for every f, € S:, f(1/2)~ le Z‘.;,". Hence there is a natural one-to-one relation
between S,’," and 2;“ and thus the equations (5) and (6) of § II are valid even when
we restrict out attention to S and T .

Hence we have the following results.

THEOREM 3.9. IffpeE:, then we have the sharp estimate

o 2
|a-1inp| = wp T 1,2,---.
Proof. This follows from (5) and (18), and the fact that (18) is sharp.
THEOREM 3.10. If §,eZ3 ™1, @, (W)= T20b_y4,,w ' *2,

R (2(np—1)/1>) L on=1,2,-

|5—1+np| é np—l n

b

and this inequality is sharp.
Proof. By (6) and (17) we have

b < W alt—m»
b—l+np = np—'l ;I:a:;plal I
-1
- 2 B, e
np—1 n

The inequality is sharp since (17) is sharp.

IV. Coefficient problems for S. The theory of variation of schlicht functions
yields for S some of the results of §III.

Variational methods for schlicht functions have been extensively used in
studying coefficient extremal problems; the facts used here may be found in papers
by M. Schiffer, A. C. Schaeffer, and D. C. Spencer [19]-[22], [24], [26].

Let fe S. For &sufficiently small and z,e U the function f*,

@) = fo+e e - () _ J@f (o)
S® =@ 20l @l — 20) | 23 o

f(z)2 —i0 sz,(z)f(To) )
* e Te) *e e

is again a member of S [24]. This is used to obtain a variational formula for

fzP)P= X2, at(i/fz):z'“p , a%/P =1, where fes. Let k(z) represent that portion

of (19) which is in braces; then f%(z?)""Pe S and
A& = [f(z%) + ek(zP) + O(e*)]"”
= 1@+ o177 k(&) + 06,

where
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t " -
7 ¢ S k(")

@) @)
- :" (" 2l @) (FP=29)  2of (o)

f( p)t/p+l
T 7 (Zo)(f(zf') —f(20)) )

LyEnyY o

+e } .
Zf' (D1 = Zpz”)
Comparing coefficients we have the formula

/p)
a(r/p) —a¥» 4 {eio[z f(z0) (naf‘i‘:,),, + Z (v + t/p) a,+‘;,)

iy = Oty FTRCAL z
_t 1 wm (L1
(20) 7 Gy e (f(Zo)) ]
n—-1
b0 @) 5 O +1t/p)als) 25 }+0<8’),
23f(zo)* *=°
since
p\t/p @ . ¢ 1 t+y
- I (e s (755)) <
= TGy @
1
— Z[f(z")"?]’ v
» 11 z"”?
= "7 vzo (4 p) it

1 pt t/pr
72 '[fz)""] 1

1
1 —2Zyzr Zo Py

=)
L (t+vp)aiffz" Z 232"

We shall use (20) to investigate the problem of maximizing] a,'?)| for functions
feSs.
It may be assumed that a{’/?), is real and positive because if

FEYP=z"+ o + | aliB) |2 + o

then "/"Pf(e~"/"z7)!/P ¢ § and

[ iOInpf(e-w/nzp)l/p]l_ z + 4+ Ia‘(tlgl)’lzt+np+ e




470 J. T. POOLE [February

Hence, without loss of generality, we may consider the problem of finding
max Re{a{{?)} instead of finding max|a{/?),| since max|a{2)| =max Re {a,{/2)}.

Suppose the function fe S has Re{a{/?)} maximal, i.c., f is extremal for a{{2),
then for any function f4(z?)"? = f(z?)/? + e k(z?) + O(¢*) we have,

t, t,
Re(all2)" — allf)} <.

Since (from (20))
A
Re{als)’ — atf2)

= eRe{em[ _J) (na('“” + ")-:1 %

+ -
23 f'(z* U7 5 z5™"

+ T (il D )
v=0

-5 7S (e )] )+ o

where we have conjugated the term in (20) which has e ™% as a factor, and 0 is
arbitrary, we have that f satisfies the differential equation

t 22f'(2)* wp 1
7 10" 5 (75 )

v+t a(‘/?) n—1 —_—

nalh, + b (————Z/—M + X (v+t/p)a$'_gg; a=v
v=0 v=0

= 0(2)

if it is extremal for aﬁ',ff,’,),.
(t/p)

Now if f is extremal for a,{};, then it maps U onto a domain D which covers
the entire w-plane except for analytic slits and maps |z| =1 onto these slits [21].
At the tips of the slits f'(z) has a zero of at least first order. Thus f'(z) has at
least one zero on the unit circle, and since

t 22" (2)* ( 1 )
S ﬁ) e = ’
7 ser Sl ) T 9
Q(z) has at least one zero on the unit circle.

We are now ready to prove the main theorem of this section and, to be sure,
of the paper.

THEOREM 4.1 (CF. THEOREM 3.8). Iffe S, p,t >0, p,t integral, then we have
the sharp inequality

22) a2 <
for all n such that p(n—1)—t < 0.
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Proof. By the forgoing discussion, if f is extermal for a_,,ff,‘;,)(l e., Re{a7[®)
is maximum for f), then there is a zero z, of Q(z) on the unit circle. Thus

v—t a_t/p) n-1 n
0(zo) = na[p), + 2 Oztinaciwe "% (,_1p)an

Z'(') v v=0
= O,
SO
X t /p)
t, t,
naG) = zRe{z_ (7—v) aHB) 20 }
and
23) n|aSin)] < 2 >: g |l

We proceed to prove the theorem by ﬁmte induction. For n =1 we have
et <2 | = ( 7).
Suppose that n — 1 <t/ p and assume that, for v=1,2,.--,n—1,

acin) s (*7)).

v

Th:IIIa_,',{ﬁg < 2[%+(;——1) a=tP| + - +(l7-—(n 1))|a—:+o. 1)]
2[5 (1) (-eon)(2)]
— 2tr{p)

and therefore

n

el = (1)

If n — 1 =t/ p, again making the inductive assumption, we have

2 _t. L_l) 2t/p)+...+ 2t/p)]
4 4 1 n—2

- @-n(;17)

=) ()

n n—1

—t/p)
n l a —t+np

IIA

SO

-,
|,

IIA

- =0 o)
-

(n-1) [2E-D]! _(Zt/p)'

n

n -D)'mG-1D! \n
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These inequalities are sharp as is shown by

(@) ==l 2 (0]

REMARK 4.1. Every function f, in S, may be expressed as f,(z) = f(zP)"'?, fe S,
and every function f,€X, may be expressed as f,(z) =f,(1/2)7%, f, €S,.
Also if fe S, then f(z?)"/?e S,, and if f, € S,, then f,(1/z)" '€ X,. Hence (4) and
(6) of § I hold for S, and =,*. Thus, as in § III, we have the following theorems.

COROLLARY 4.1. If f,€ S, and t >0, then we have the sharp inequality

@9 |2 = (1)

n
for all n such that p(n—1)—t=<0.

Proof. This restatement of Theorem 4.1 follows from Remark 4.1.

THEOREM 4.2. If ¢,€ S, %, ¢,(W) = E)Lob, 41 WP, then we have the sharp
inequality

Ibup'l'll é _'_—1'_'_ (Z(np+ 1)/1’), n= 192""-

np+1 n
Proof. See the proof of Theorem 3.8.

COROLLARY 4.2 (CF. THEOREM 3.3). If ¢€S~', then we have the sharp

inequality
lb"|§_l(2n)’ n=1a2a"'°
n\n—-1

TaeoreM 4.3. If §,€ ;' p=21, W) =w+ T2, b_y4,,w ¥, then we
have the sharp inequality

|5—1+np| é

1 Z(np_l)/p) n=1,2 -
np—l n s 2%y

Proof. See the proof of Theorem 3.10.
THEOREM 4.4 (C.F THEOREM 3.4). If e X7, then

1
IE"IéT;(n:‘l), n=192""’

|50|é2’

and these inequalities are sharp.
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Proof. The first inequality follows from Theorem 4.3. To see that || <2
consider (3):

f bg)z—:—l _ f'(@)

= @
= 1 + +...
= ;‘ a, .
By (6)
|50| < max Ibf,"”l
pesS—1
= maxlazl
fes
= 2.

Finally, the Theorem of Prawitz (Theorem 3.6) is valid for S and thus Corollaries
3.1 and 3.2 are also valid for fe S.

V. Concluding remarks. Consider the set of functions
S* = {f:fes*;|aCP| =[al?], v=1,--,1-1}.

If fe S*', then, for p = 1, equation (16) becomes, for n > 2t,

n—1
n*|alGP| s 42 + 4 }31 (t—=v)| a5 P
e

I\

412,
Therefore

|a,‘,"’|§ﬁ_t—t, n=t+1,--.

This inequality is sharp:

z I | 2t
((1+zn+1)2/(n+t) =z 7T Z+

This, along with equation (13) and the fact that (z/(1 4+ z)*)™* is an extremal
function, leads us to conjecture that if fe S* then for t > 0

|a$n_t)| é (t itn)a n=19"°’t

and

2t

lai™"] =<

t+n
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Equation (13) and (24) and the extremal function (z/(1 + z)?)~* lead us to
conjecture that if fe.S then for > 0

- 2t
|a$l t)lé (t+ n)’ n=1""3t9

but Garabedian and Schiffer [5] have shown that if fe £ then | s I <1)2+e°®
is sharp and so we cannot make any general conjecture about the bounds for

a9, n=t41,0
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